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Abstract 

We consider the L2-regularity of solutions to backward stochastic dif- 
ferential equations (BSDEs) with Lipschitz generators driven by a Brown- 
ian motion and a Poisson random measure associated with a Levy process 
(Xf )^g[o,T] • The terminal condition may be a Borel function of finitely many 
increments of the Levy process which is not necessarily Lipschitz but only 
satisfies a fractional smoothness condition. The results are obtained by in- 
vestigating how the special structure appearing in the chaos expansion of the 
terminal condition is inherited by the solution to the BSDE. 



1 Introduction 

The main objective of this paper consists in studying the relation between frac- 
tional smoothness of the terminal condition of a BSDE and the L2-variation of its 
according solution. 
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A motivation to investigate this relation arises from the fact that the convergence 
rate of the discretization error of BSDEs with Lipschitz generator is determined 
by the convergence of the discretized terminal condition to its limit and by the 
L2-variation properties of the exact solution {Y, Z): 

In the Brownian scenario the discretization of BSDEs has been studied by many 
authors, see for example, [H, [|2D, [HU, (HIl, M and If the BSDE is 
given by 

Yt = i+ I F{s,Y„Z,)ds- [ ZJWs, 0<t<T, 
Jt Jt 

we define the Lp-variation 



varp(^,/,r) := sup sup \\Ys - Yt^_Jp + \\Zt-Zt^_^\\ 

l<i<n ti^i<s<ti V i=l -Jti-l 

where r = (tj)"=o ^ deterministic time-net = to < ■ ■ ■ < tn = T and 



idt 



'U-1 



-E 



Zsds\J^t,^^ 



Gobet and Makhlouf il9ll considered L2-regularity of (F, Z) for a terminal condi- 
tion given by ^ = g{XT) where g does not need to be Lipschitz and X denotes the 
forward process. In lfT3l the Lp-regularity of (Y, Z) for p > 2 was shown if the 
terminal condition depends on the forward process at finitely many time points, 
= g{Xrj^, ...,Xr^), and satisfies a path-dependent Malliavin fractional smooth- 
ness condition which is weaker than the Lipschitz condition on g. Using these 
results and following the ideas of IfTOl , one can show that the convergence rate of 
the error between the discretizations (F"^, Z'^) and the solution (Y, Z) is of order 



f,i.e. 



Err,^2{Y.Z) 



sup ^Yt 

0<t<T 



T 



E\Zt - Zt^l'^dty < c\t 



provided that the time grid for the discretization is chosen in an appropriate way 
(like in [[T3ll ). and the discretized terminal condition converges in this order. With- 
out any assumptions on the dependence of the terminal condition ,^ on a forward 
process X, Hu, Nualart and Song |[20l have shown the convergence rate | suppos- 
ing Malliavin differentiability properties of ^ (and of the generator). 
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For a BSDE driven by a Poisson random measure, Bouchard and Elie ^ proved 
that the convergence rate is of order | (in the non-degenerate case) if the terminal 
condition is given by ^ = giXr) where g is Lipschitz. 

Here we study whether it is possible to achieve the convergence rate | with a ter- 
minal condition ^ = g{Xrj^, Xr^) and whether the Lipschitz condition on g can 
be weakened to a Malliavin fractional smoothness condition. The method we use 
allows to answer this question in the case where X is the Levy process itself. 

The paper is organized as follows. In Section 2 we describe the setting and recall 
some needed facts. In Section 3 a result about Malliavin differentiability of the so- 
lution (Y, Z) of the BSDE is stated. Its proof which follows ideas of Pardoux and 
Peng Il23l can be found in the appendix. Our method to show the L2-regularity 
of solutions to BSDEs exploits the fact that their Malliavin derivative is piece- 
wise constant in time. This is ensured by selecting a terminal condition which has 
this property. For this purpose we introduce a space of suitable terminal condi- 
tions and investigate the chaos expansion of the according solution in Section 4. 
Section 5 contains our main result, equivalences and implications conceming the 
L2-regularity of (F, Z) . An important fact, which will be considered in Section 
6, is a sufficient condition for the L2-regularity of the solution: a certain Malli- 
avin fractional smoothness of the terminal condition (in addition to our standing 
assumption that the generator is Lipschitz). 

2 Setting 

Let X = (Xf)jgjgyj be an L2-Levy-process on a complete probability space 
(fi, J^, P) with Levy-measure v. We will denote the augmented natural filtration 

of X by F := mte[o,T] and let L2 := L2 (il, Tt, P) • 

The Levy-Ito decompositon of an L2-Levy-process X can be written as 

Xt = -ft + aWt + / xN{ds, dx), 

where cr > 0, is a Brownian motion and TV is the compensated Poisson random 
measure corresponding to X. 

We define the random measure M by 

M{dt, dx) := adWt5oidx) + xN{dt, dx). (1) 
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Then W.M{Bf = m(rft, dx) for B E B{[0, T] x R) where 

■m{dt, dx) = (A ® fi){dt, dx) 

with 

fi{dx) = a'^So^dx) + x^ui^dx) 
and A denotes the Lebesgue measure. For < t < T we consider the BSDE 

Yt = i+ j F{s, Ys, Zs) ds- [ Zs,xM{ds, dx), (2) 

Jt J]t,T]xR 

where 

Zs^xi^{dx) 



and K{dx) := K'{x)n{dx) such that k' G L2(M, B{M.), fx). We will use the follow- 
ing assumptions: 

(Ai?) F: f2 X [0,T] X — )■ M is jointly measurable, adapted to {Tt)t(^[o,T], 
Lipschitz-continuous in the last two variables, uniformly in cu and t, i.e. 

\F{t,yuZi)-F{t,y2,Z2)\<Lf{\yi-y2\ + \zi-Z2\), (3) 

and satisfies 

E / \F{t,0,0)fdt < oo. 



For later use we introduce spaces of stochastic processes. 

Definition 2.1. 1. Let S denote the space of all (Ji)- adapted and cadlag pro- 
cesses {yt)o<t<T such that 

\\y\\l := E sup \ytf < oo. 

0<t<T 

2. We define H as the space of all random fields z: x [0,T] x M — > M 
which are measurable with respect to P B(K) (where V denotes the pre- 
dictable cr-algebra on 1] x [0, T] generated by the left-continuous E-adapted 
processes) such that 

:= E / \zs^x\^ 'm{ds,dx) < oo. 

i[0,T]xR 

The space S x H is equipped with the norm \\{y, z)\\sxh '■= ( II2/II5 + Ikll/^ ) ^ • 
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A pair {Y, Z) e S x H which satisfies © is called a solution to the BSDE ©. 



Theorem 2.2. Assume F) satisfies (A^) and (Ap). Then the BSDE (12]) has a 

unique solution (F, Z) & S x H. 

This result can be found in Tang and Li [|28l Lemma 2.4] and in Barles, Buckdahn 
and Pardoux iSj Theorem 2.1]. We next cite the stability result of (Si comparing 
the distance between solutions to the BSDE Q with different terminal conditions 
and generators. 

Theorem 2.3 (O, Proposition 2.2). Let F) and (^', F') satisfy (A^) and (Ap). 
For the corresponding solutions (Y, Z) and (F', Z') to ^ it holds 



where C = C{Lf>) = C{LF',fi). 

Remark 2.4. According to [|26l Proposition 3] (see also [|22l Proposition 3] or [[T] 
Lemma 2.2]) for any 2; G L2(P ® m) there exists a process 



such that for any fixed x G M the function {^z).^^ is a version of the predictable 
projection (in the classical sense) of z.^^- In the following we will always use this 
result to get predictable projections which are measurable w.r.t. a parameter. 



We will use the Malliavin derivative which is defined via chaos expansions (see, 
for example, [27]). Any G G L2 has a unique chaos expansion 




/ \\F{s,Ys,Z,)-F'{s,Ys,Z, 




Pz G L2 (fi X [0, T]xW,V® i3(M), P ® m) 



3 Malliavin differentiability of (F, Z) 



00 



n=0 



and it holds 



00 



iiGir:= \\G\\i = Y.''i\\fn 



n=0 
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where the /„ G L2 = L2 (([0,T] x M)",m®") are symmetric functions and J„ 
denotes the n-th muhiple integral with respect to M defined in The space 
Di 2 consists of all random variables G G L2 such that 

00 

\\G\\ly-=Y.(n + iy.\\al.<oo. 

n=0 

For G G Di,2 the Malliavin derivative 

VG G L2(P®m) := L2{fl x [0,T] x R, J'r ® -B([0, T] x M),P(g)m) 
is given by 

00 

Vt^^G{uj) := ^ nin-i ifn {{t, x), ■)) (cu), 

n=l 

for P ® m-a.a. {u, t,x) eflx [0, T] x R. 

The following theorem is concerned with Malliavin differentiability of the solu- 
tion to a BSDE of the form 

Yt = ^+ [ f{s, X„ Z,) ds- [ Zs,,M{ds, dx), 0<t<T (4) 

Jt J]t,T]xK 

where we will assume 

(Af) f E C([0, T] X M'^) is Lipschitz-continuous in (x, y, z), uniformly in t, i.e. 

\f{t,xi,yi,zi) - f{t,X2,y2,Z2)\ < Lf{\xi -X2I + \yi - y2\ + ki - 22I). (5) 
(Afl) f satisfies (Af) and / G C^^^'^'\[0,T] x M^). 

Note that (01) is a special form of ©, and t, 2) := /(t, Xt{uj),y, z) satisfies 
{Ap) if / does satisfy {Af). 

Theorem 3.1. Let C, G ©1,2 and assume (Afl). Then the following assertions 
hold. 

(i) For m- a.e. (r, v) G [0, T] x M there exists a unique solution {U^'^, V^'^) G 
S X H to the BSDE 

ur = v,,,i+ j%,,,{s,u:\v:^^)ds 
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Vl'^M{ds,dx), 0<r<t<T 

]t,T]xR 

Where Vr:=J^V:;:K{dx), 
with V = id.^,dy,dz), 



(6) 



f {s, X, + vl[r,T] {s),Y, + vU:\ + vV:'^) 



-f{s,Xs,Y,,Z,) 



for V ^0, 



and = Vl';^ = Oforr>s. 
( ii) For the solution (Y, Z) of © it holds 

Y G L2([0, T]; ©1,2), Z G L2([0, T] x M; ©1,2), (7) 
and Vr^iX admits a cadldg version for m- a.e. (r, v) G [0, T] x M. 
(Hi) (VY, VZ) is a version of {U, V), i.e. for m- a.e. (r, v) it solves 

T>r,vYt = Vr^v^ + j^ Fr^y (^S^Vr^vYs, j 'Dr,vZs,xl^idx)^ ds 

- / Vr,vZs,xM{ds, dx), 0<r <t<T. (8) 

(iv) The process ^ (^(Vr,yYr)^^^i^ is a version of Z where we set 

Vr,^Yr{u) := limVr,^Yt{u) 

t\r 

for all (r, v, uj)for which V^^vY is cadlag and Vr^^Yr^u) := otherwise. 

In the setting of time delayed BSDEs a similar result was proved by Belong and 
Imkeller ffT2l assuming that the time horizon T or the Lipschitz constant Lf of the 
generator are sufficiently small. For the convenience of the reader, we present a 
proof of Theorem 13 .ll in the appendix. 
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4 Chaotic representation of (F, Z) 



The goal of this section is to investigate properties of the chaos expansions of the 
solution (y, Z) to dU with terminal values ^ of the following form: 

Let ro = < ri < ■ ■ ■ < Tm = T be a partition of [0, T]. Define A/,. := ]rfc_i, r^] 
for = 1, . . . , m and V"^ := {1, . . . , m}". The cuboids in ]0, T]" induced by the 
partition we will denote by 

Aa := A^i X ■ ■ ■ X Aq„, a = (ai, . . . , a„) G 

Furthermore we let 

{oo 
^ = H Wn) ■■^g'^e L2(M", /i®") such that 
n=0 

J 

Hence on each cuboid A^ the function /„ is constant in (ti, tn)- In particular, 
this space contains random variables of the form 

9{^Tm ~ -^r„,_i , • • • , -^n — -'^o) ^ L2 
where (7 is a Borel function (see flU) . 

Remark 4.1. By convolution with moUifiers we construct for any function / e 
C([0,T] X M?) satisfying {Af) a sequence (/„)n>o converging uniformly to / in 
C([0, T] X W), such that for all n G N and t e [0, T] we have ■ ) G C°°(M3), 
and /„ satisfies the Lipschitz-condition ([5]) with the same constant Lj for all n. 
Let (^n)n>o ^ ID)i,2 be a sequence converging to ^ in L2. By (F", Z") we will 
denote the solution to with terminal condition ^„ and generator /„. Then The- 
orem |23] implies that 

(F", Z") ^ (F, Z) if n ^ 00 in 5 X H. (9) 

For ^ G H the solution {Y, Z) has a chaos expansion which resembles those of the 
elements of H : 
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Theorem 4.2. Let (Af) hold. For ^ eMthe chaos expansion of{Y, Z) e S x H 
has the representation 

^* = £ ^« ( I] V'n(^)lA.n]o,i]" I , F ® A-a.e., (10) 

n=0 \a(iV^ J 

where is jointly measurable, </3^(t) G L2(M", /x*^") and 

Zt,. = X^^n [ C(t,x)lA<,n]o,t]" ] , P®m-a.e, (11) 
„=o \QeK^ / 

w/zere Z5 jointly measurable and il>n{t) e L2(M"+-^, 

Proof. We may use Remark liTI and approximate ^ G HI by a sequence (^n)n ^ 
ElnDi,2 and / by (/n)n satisfying Since the convergence inS x H implies 

convergence w.r.t. the norm 

\\\iy,z)\\\--={\\y\\limx) + \\4H)K (12) 

and the space of processes {y, z) with representations (fTOl ) and (fTTT ) is closed with 
respect to the norm (fT2] ) we only need to show that the assertion holds for any 
solution (F", Z") w.r.t. /„). Hence we may assume that ^ G H fl Di 2 and 
/ G C°'i'i'i([0, T] xM3) suchthatS^/, dyf mddj are bounded by Lj. According 
to Theorem |3.1| we can differentiate (H) and obtain for m-a.e. (t, x) and all s G 
[t, T] that 



Js J]s,T]xR 



Theorem 13 . 1 1 yields that Z is a version of ^{'Dt^xYt), hence 

Zt,x = T^t,xYt P ® m-a.e. 

We define the recursion 



n°:=0, Zl^:=0, 
y^^':=^+ r f{r,Xr,Y,^Z^)dr, y^'+i ;= °(3;'=+i), (13) 

J s 



where ° denotes the optional projection, which is according to [QTl Theorem 47 
and Remark 50] cadlag. Since Kif"*"^ = E„y^+^ P-a.s. we define for 



V,^yYl:+^ = E„P,,,e + E„/" V,J{r,XrX^Z^r)dr. s<u (14) 

J u 

the set 

Ak := {(s,y) G [0,T] X M: the RHS of dl) is cadlag on [s, T] P-a.s.} 

and assume a pathwise cadlag version of Vs^yY'''^^ for any (s, y) E Ak while we 
let Vg^yV''^^ be zero otherwise. In this sense we can set 

Z^+^ ■.= \imVs,yY,''+\ Z^+i :=^(Z'=+^) (15) 
for A: = 0,1,2,... 

The process y'^+i has a cadlag version, therefore, {¥'', Z^) G 5 x if for all A; G N. 
In the proof of [|28l Theorem |2!2l it is shown that {Y^ , Z^) converges to (F, Z) 
with respect to the norm (fT2] ). 

Consequently, we only need to show that (flOl) and (fTTI) hold for (F^, Z^). 



For fixed t g]0, T[ we describe ([TO] ) by introducing the space 



n=0 ^ aeV^ ^ 

From flU one can conclude the following fact: 

Lemma 4.3. For any Borel function /i : M"' — R and ^i, . . . ,$,d G Mt such that 
h{^i, it holds h{^i, ^t- 

Assume now that (flOl ) and (fTTI) hold for and Z'^, respectively. We have 

= Yl / C(^>a;)K(dx)lA,n[o,t]«" (16) 

n=o yaey^ "^i* / 



n=0 \aeV" 
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From Lemma 1431 it follows that f{t, Xt, Y^^, Z^) e i.e. 

oo / 

with g^it) G L2 (M", /i®"). Because /(-, X, F'^, Z.*^) is square integrable w.r.t. P® 
A on r2 X [0, T] one can show that the can be chosen jointly measurable. This 
implies (Et stands for the conditional expectation E[ ■ \J^t\) 



n=0 \aeV^ 
00 / 

n=0 \aeV^ 



Aan]o,t]®" 



From (dll) we have that Y^^^ = Etyj;^^ P-a.s. and since Et^ G Ht we conclude 
representation (flOl l for F^^^. To find out the representation of Z''^^ we will use 

(US]). Let a := (aa, ^n)- Assuming ^ = J2n=o (j2aev^9n'^^c.) with 
symmetric /„ = J2a&V" 9n^J^a we have for P (g) m a.e. (t, y, to) g]0, s] x M x f2 
that 



n=0 \aey^ 



Aanjo.s]®" 



dr 



an]o,s]®("-i) 

n=l \a(iV^ 

+ /" f^nJ„_i 5^ (7:(r,y,-)IlA„,(t)lA,r 
n=i yaey,^ 



in]o,s]«'("-i) 

where we again have chosen symmetric integrands Xlaey™ 5'n('")2Ac«n]o,s]®"- One 
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easily checks the L2 -convergence 

00 / 



n=l \a6V; 



+ f ^n/„_i [ ^^(r,y,-)llA„^(t)llA^n]o,t]«("-i) ) dr. 

n=l / 

If we consider the cadlag version of we obtain the same expression for 
the pathwise limit, i.e. P -a.s. 



I r r'^ 



00 
















n=l ' 









□ 



5 L2-variation of {Y, Z) 

The next theorem is our main statement, which allows conclusions on the L2 - 
regularity of the solutions to BSDE dU by observing regularity properties of 
for fixed time points tq = < ri < ■ ■ ■ < = T. 

Theorem 5.1. Assume that {Aj) is satisfied and ^ G H. Let k G {1, . . . , m} and 

9k g]0, 1]. For the solution {¥, Z) of & consider the following assertions: 

(i) There is some ci > such that for all s G [rk~i, rk], 

\\Yr,-EsYr, f <Ci{rk-sYK 

(ii) There is some C2 > such that for all r^-i ^ s < t < rk, 

\\Yt-Y£< 02 I {rk-rf'-^dr. 

J s 

(Hi) There is some C3 > such that for \-a.e. s G [rk~.i,rk[, 
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(iv) There is some C4 > and a Borel set with \{Nk) = such that for all 
s, t G rk[\Nk with s < t and for all h G L2(/i) it holds 



/ {Zt^^ - Zs^x) h{x)n{dx) 
Jr 



< 



rfc - r 



''dr. 



Then it holds that 

© © dm]) ^ (EyI)- 

Remark 5.2. (i) Analogously to [[T3l Definition 1] we may introduce the con- 
cept of path-dependent fractional smoothness: Fix 6 = (^1, ...,6'm)G]0, 
If (Y, Z) is the solution to BSDE dH) with generator f and terminal condition 
^ G H, we let 

provided that there is some c > such that 

\\Yr, - EsYr.f < c{rk - sf'^, Vk-i <s<rk,k = l,...,m. 

If / = we simply write ^ G Bf^{X). If, moreover, T = 1 and m = 1 
then the space Bf^^{X) can be understood as the real interpolation space 
(L2, Di 2)^1,00 which describes /racriona/5moo?/zne55. For^ = Yl^=id-^n{.fn) 
G e set T^{t) := \\Et^f = J^^o Il4(/n)||'t", and using the ideas of ESI 
Proposition 3.2] and [[T4l formula (13)] one can conclude that 

iieii(L„D,..^,^ ~c m+ sup ii-t)^JT^ii)-mt) 

0<t<l ^ 

= u\\+ sup(i-t)^iie-E,eii. 

0<t<l 

By assumption we have ||^ — E^^p < c(l — t)^^ hence the RHS is finite. 
From the lexicographical scale of the real interpolation spaces (see or 
0) it follows 

(L2,Di,2)ei,2 5 (L2,Di,2)ei,oo, for all g]0,^i[. 

Especially, U - ^t^f < c(l - t)'^ implies that E"=o ^"Hl^nl/n) f < 00 
for all e[ g]0, ^i[ (see HI Remark A.l] ). 
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(ii) In general (iv) (iii): Let {pn)^=i be an ONB in L2(/i). For simplicity 

assume T=l,m = l,/ = Oand^ = J2n=o ^(s'n]!]®"^]) ^° 



Zs,x = ^nln-i{gn{x, O^]?!" 

n=l 



Setting Qn := (3n{n\) 2^®" we have 

oo 



n=l 

For a sequence (/3„) such that /3f := 1, /3| := 0, /3l := ^(iog(Li))2 > ^ ^ 3, 
we use Lemma A. 1 of ||25|| which states that 

oo ^ 

1 + V(logn)-2s" ~, — -— — 

^ (1-S)(l-I0g(l-S))2 

(where for some c > 1 and A, B > the expression A B is a short 
notation for c"M < B < cA). Hence property (iii) does not hold for any 
e e]0, 1[. But for any h = ^^^^ a„p„ such that \\h\\l^^^) = ^^^^ «n = 1 
we have 

2 



/ {Zt^r, - Zs^x) h{x)fi{dx) 



oo 



n=3 



'(log(n-l))2^ ^- (log 2)^ 



We prepare some lemmas to prove Theorem 15. II : 

Lemma 5.3. Let 77 G HI fl ©1^2 (^fid k G {1, . . . Then for X-a.e. s,t e 

]rk-i, Tfc[ with s < t it holds 

Proof. Letry G Hn©i,2 be givenby r/ =^^=0 ^(/n) = ^^=0 ^-(E.ey- ^^n^A.) 
where we may assume that the functions fniih, xi), . . . , (t„, Xn)) are symmetric. 
In the following we use again the notation a := (^2, . . . , Since 

00 / 
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and since there exists a version of Vr] which is constant on jr^^i, r^l we get for 

s,t e]rfc_i,rfc[that 

oo / 



g)(n-l) _ 

0,t] ^]0,s] 



n=l 

oo 



L2(P®At) 



n=l 



For /3 e and 1 < / < m we define 

7K/3) :=#{z| A = /, 2 = l,...,iV}. 

Notice that the intersection fi (]0, t]^~\ ]0, s]"""*^) is empty if X^dLfc+i 7rf(f^) > 
0. Therefore, setting 



5a := 1I{0} E 



a) 



Kd=k+l 



we have 



_^^(„_i) ^^^^ (]0,t]""i\]0,s]""')) 



7fc(a) 



i<i<fc 



5. 



Using the symmetry of the functions in the chaos decomposition, we get that 



and hence WgnW^u'^-) = P" 



(")l|2 



lL2(At®") 



for all TT G S(n) where we used the 
notation 7r(a) := (a7r(i), a7r(n))- Applying this fact, we reduce our summation 
over a eVJ^to a summation over equivalence classes [a] G VJ^ ~ where 

a /3 <^3'K e S{n) : a = tt{/3). 

Thus, since in (fTTl ) we fixed ai, by taking equivalence classes for VJJ^^ we obtain 



L2(P®At) 
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^ 71(a)! ■■ ■7fc(a)! 

X ((t-r,_ir^(^^-(^-^fc-ir^^^) n (^^-n-ir^^^^^, (18) 

1<Z<A; 

because the cardinality of the equivalence class [a] is (i)^~7fe(a)! ^'^^ is 
invariant of pemiutations of a. For 7 > 1 we estimate 

{t - Tk-iY - {s - rk_iy = / 7(r - rfc_i)^~^cir 



using for the integrand on the right hand side the inequality 



(r - rfc_i)^ ^ < \- / I {v - Tk^iy '^dvdp, 




Tk-l < r < U < Tk- 



For u = "^^^^ this leads to 



[t - Tk^i) -[s- rfc_i) < - — — / dr. 



(7 + 1) Js (rk - r) 

This yields 



\EtVt,r]-EsV,^.r]\\ 



2 

L2{P®At) 



t °o , 



X 



(rfc - rfc_i)^^(^^)+i - (r - rfc_i)^^(^^)+i 



(rfc — r)2 

^ " ^ l<l<k 



n (r/-n_i)^'(^)Mr, 



where for 7A;(a) = we have used 



n f4 ^7fcH / ^7fc(") ^ / (rk - rk^i) - {r - rk^i) 
= [t- rfc_i)^"^-^ - - rfc_i)^'^-^ < J _ dr. 

Because of 

-fiia) ='yi{a), <l < k, and 7fc(a) = 7^(0) + 1 
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if a = {k,a) we finally get 



- n=l QSy^ 

Js [rk - ry 



Kk 

A^" (A„n(]0,r,r\]0,rn) 
{rk - r)2 



dr 



Lemma 5.4, 



i.4. Iff] G EI n ©1^2 '^'^d k E {1, . . . , m} then for X-a.e. t G ]rfc_i, rfc[ 



□ 



Proof. 
tion) 



' K 

1 Similar to the proof of the previous lemma we get (using the same nota- 



\\^t'DtM\u(mf.) 



n=l 

oo 



r(g)(n-l) 



L2(P®m) 



\7fc(: 



n 



Kk 



oo 



CXJ 



||E^j.?7 — Et 



Tk-t 
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□ 



Lemma 5.5. Suppose u G]rfc_i,T], 77 G Hu fl Di^2 and h G L2(/i). Then the 
equation 



a — s a — s 

is satisfied P -a.s. for X- a.e. r^-i < s < a < A u. 
Proof. By the Clark-Ocone-fomiula we express t] as 



r] = E7]+ I P{Vt,^r])M{dt,dx). 

]0,«]xR 



Thus we can write 



E, 



7] I h{x)M{dt,dx) 

]s,a]xR 



E, 



P(Vt^^r])M{dt,dx) / h{x)M{dt,dx) 

.J]0,u]xR J]s,a]xR 



(the summand with E?7 multiplied with J^^ ^^^^h{x)M{dt, dx) gives zero when 
applying E^). Using now the conditional Ito-isometry, we arrive at 



E, 



P {Vt^^r]) M{dt,dx) / h{x)M{dt,dx) 

.J]0,u]xR ' J].s,a]xR 



E, 



^t'I^t,xV h{x)-m{dt, dx) 

]s,a]xR 

^s1^t,xV h{x)'m{dt, dx) 



]s,a]xl 



(a-s) / EsVs,r,r]h{x)fi{dx) 
Jr 



since Vr] is P (g) m-a.e. constant on the interval ]rk-i, A u[ with respect to the 
time variable because r] is in □ 
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Proof of Theorem l5.ll : 

Proof. In the following we will indicate the dependency of the conctants on cer- 
tain parameters but nethertheless the constants may vary from line to line, 
dmi) ^ © : 

This step is analogous to the proof of [[T3l Theorem 1, (C2/) =^ (C3/)]. It holds 

WYt-Y.W' < 2it-s) [\\f{r,Xr,Yr,Zr)fdr + 2 f\\Zr^\l^^^^)dr 

J s J s 

< c{Lf,fi{R),^') {l + \\Yrf + \\ZrA\l^p^,))dr 

< c{Lf,fi(R),K',C3) [ {rk-rf'-^dr 



since < oo and \\Zr\\ < ||/^'||L2(M)ll-^r,-||L2 



© ^ © : 

The argument of Theorem 1, (C3/) =^ (C4/)] works here as well so that we 
have 



\Yr, - E.Yrjf < 4 111;, - F.ll' < ^{r, - sY^. 



© ^ dm]) : 

Step 1. We first assume that 

^ e H n ©1,2 and / satisfies (Afl). (19) 
Because of the relation 

Yr = ErYr^ + / f{u, X^, Yu, Zu)du, Tk-l < r < Tfc, (20) 
J r 

and Theorem iBTIdTv] ) we have P-a.s. for m-a.e. (t, x) G]rfc_i, rfc[xM that 
Zt,x = \imVt,xYr 

r\t 

= lim Vt^x (^rYr^, + Er j f{u, Xu, Yu, Zu)du 
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lim ( ErVt,xYr^ + ErVt,x I fiu, Xu, Yu, Zu)du 



lim ( ErVt^^Yr^ +Er I Vt^xf{u, Xu, Yu, Zu)du 



rk 



EtVt,xYr, + Et / Vt,J{u, Xu, Yu, Zu)du. 



(21) 



where we assumed the right continuous versions of the according expressions: 
Since Yr^, G H fl Di 2 the expression VYr,^ can be realized such that it is constant 
in t on ]rfc„i,rfc[ and {EsVi^xYn^isi^^rk-i^rkl is a martingale (for fixed x). From 
Lemma [541 we conclude that 



||^t,-||L2(P®Aj) 

Since 



< 



111;, -EiF, 



l-k I 



rk 



\1^tJ{u,Xu,Yu, Zu)\\h2{¥(i^i^)du. (22) 



\Vt^yf{r,Xr,Yr,Zr)\ < i^/ (I[t,T] (r) + \Vt,yYr\ + |A,y^r|), V 7^ 0, 



and 



Vt^ofir, Xr, Yr, Zr) = ^I[t,T] + A,0^r<9y + VtfiZrd^fiv, X^, Yr, Zr), 



we have 



\\VtJ{r,Xr,Yr,Zr)\\u(Fm) < L f {^/JI^ + \\Vt,Yr\\u(W^^) 

+ ||Pi,Z,||L,(P«^)). (23) 
We take the Malliavin derivative of (|20|) . and by Lemma |54] we get 



\1^t,■Yr\\L2{m^l) 



rk I 



/rk 
WVtJiu, Xu,Yu, Zu)\\L2iF(gii,)du. (24) 



In order to estimate .Zr||L2(p®At) ^i^^ representation 



[EuYr,)hmr,u]f^') 



u — r 



rk 



Er 



f{a,Xa,Ya,Za)h{\,a\''^') 



■da. 



a — r 
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for A- a.e. u such that r^^i < r < u < which is a consequence of equation 
dni) . the fact that E^l^fe e EI„, /(a, F^, Z„) G and Lemma 1531 
Hence for rk-i <t<r<u<rk the 'conditional' Holder inequality implies 

\\1^t,-Zr\\L2{F(S)fJ.) 



< 



(A,(E„nj)/i(I],,„iK') 



u — r 



L2(P®m) 



E. 



(A,/(a,X,,F,,Z,))/i(I],,,]K') 



< 



a — r 



da 



La(P(g)At) 



u — r 



+c(L;,/i(M),/€') 



' 1 + ||Pf,-Xi||La(P(g)M) + ||A,-^a||L2(P(g./i) 

-y/a - r 



(ia. 



where we used that (E^/i k')^) ^ < c{k')^/u — r a.s., and from (1231 ) one gets 
the estimate for the integral. Choosing u = ^^^^ we conclude by Lemma (15.41) the 

inequality 



i|Pt,.(E„y,j||L2(Pg^) 



< 2 



l|y.,-E.y,.,|| 



. From the estimate (|24] ) for .F,, 



and the above one for Vt .Z^. we obtain 

||^t,-^r||La(P®M) + 1 1 ^^t,--^r 1 1 La (P(giAt) 

\\Y -E Y II 



Tk-r 



L2(P®At) 2(P®m) 



which can be treated using an iteration and Gronwall's Lemma (see the proof of 
Lemma 4 in [131 ) in order to get 

IIK — E K II 

||A,>;.||La{P®/.) + ||A,^r||La{P®^) < c{Lf,fi{R),K')^^ ^-^.(25) 



Tk-r 



Hence from (|22l) and (1231 ) it follows 



|^t,-||La(P®/i) < 



y/Tk^ 
+c(L;,^(R),«:0 
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y - E F 

rfc - r 



dr. (26) 



Step 2. Here we use Remark |4~n and approximate ^ G H by a sequence (^„)„ C 
EI n Di,2 and / such that (Af) is fulfilled by (/„)„ satisfying (A/1). The con- 
vergence (|9l) implies that we can find a subsequence (Z"'') which we will again 
denote by (Z") such that for A-a.a. t e [0, T] 



\\Z? - Zt.\\, ,^ , -> as n -)> oo. 
From the first step we conclude that (1261 ) holds for and therefore 

||^t,-||L2(P®M) — ll^t,- ~ ^"•IIl2(P®m) + ll^"-llL2(IP®At) 



(27) 



< II 



IK" -EtK" 



^t,-l|L2(P®M) 



+c(L/,/i(M),K') 



I II ' "fc I 



< 



l^'r-.-E^Kj 



+ \\^t,- ~ ^"■l|L2(P®At) + 

+c(L/,/i(M),«:') 



Tk-r 

rk 



dr 



Tk — r 



dr 



Vrk - t 



rk^ 



-dr. 



Tk - r 

For sufficiently large n the terms in the second last line are arbitrarily small. For 
the last term we use the relation (|20] ) and get 



< 



Tk 



-dr 
Tk-r 

\\fiu,X^,Yu,Z^) - f{u,Xu,Y:,Z:)\\du 



dr 



rk — r 



rk ru 



< 



t Jt 

rk 



Tk-r 



-dr \\f{u, X„, K, Z„) - f{u, X^, Y:, Z:) \\du 



Tk - r 



dr du 



X 



rk 



\\f{u, X„, Zu) - f{u, X^, Y:, Z:) W^du 
where the last factor is arbitrarily small for sufficiently large n. 



(28) 
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© =^ divl) : Step 1. We assume first that (fT9] l holds for /). In the following we 
use the notation f (r) := /(r, X^, Y^, 2^). Then equation (|2TI) allows us to write 



< 



+ 



Et I Vt^J{r)dr - E, / V,^J{r)dr 



h{x)fi{dx] 



< \\EtVt,Yr,-EsVs,Yr,\\L., 
+ 



+ 



Tk ^s-^s,--" rfe||lj2(.TO/i; II"'I|L2(m) 

Et J ' Vt,J{r)dr - EsEt J ' Vt,J{r)dr 
t 



h{x)fi{dx) 



Es / Vs^x^{r)drh{x)fi{dx) 



where we have used that 'Df(r) can be chosen to be constant on the interval 
]rfc_i, Tfc A r[ i.e. we may exchange Vs^^iir) by Vt^x^ir) in the second term. 
From Lemma 1531 we obtain that 



WEtVtYrk - '^sT^s,-Yrk\\L2iF(g,fj.) 

We combine (|23]) with (|25]) to get 



< 4 



'\\yrk-^rYr,r^^^ 



lL2(P(g)/i) 



< c(L/,/i(M),K 



,.\\Yr,-ErY, 



■r-k I 



{rk - ry 



(29) 



which is used to estimate 



Es / T)s^J{r)drh{x)ii{dx) 



< ||/i||L,My'c(L;,/i(K),«:') 
From Lemma 1531 we conclude that 

EtVt^Ar)h{x)ii{dx) 



E, 



Tk-r 



/i(I]t,r]/^)f(? 
r — t 



■dr. 
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Applying the Clark-Ocone formula and (|29] ) yields 



EtVt^J{r)hix)fi{dx) - / EtVt,Jir)h{x)fi{dx] 
1 



(r - ty 



]s,t]xR 



'[Vu,yEt{hm,r]h)i{r))]M{du,dy) 



< 



< 



< 



[r — 
1 



r — t 



^ [ [ E\Et[li{l]t,r]h)VuJ{r)]\\-n{du,dy) 



For the first inequality we have used that for u < t < r it holds P ® m-a.e. 



/i(I]i,,]/i)f(r) =/i(I]i,,]/i)P„,,f(7 



since Vu,yli{'^\t,r]h) = 0. This can be proved, for example, applying [[T6l Corol- 
lary 3.1] and approximation. Hence 



EtVt,J{r)h{x)fx{dx) - / EtVt^Jir)hix)fi{dx) 



dr 



< \\hU,^^)JciLf,f,iR),K') 



^ drVt^s 
[rk -r)yjr -t 



< \\h\\^,^,)^c{Lf,f,{R),K')c\^J {rk-rf^-'dr 

with c = c(rfc — rfc_i). Consequently, we infer 

2 

(Zt,^ - Zs,x) h{x)fi{dx) 

|^^(^)C(L;,/i(M),K') 



< 



+ 



t (rfc -r)^/r -t 
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(30) 



Step 2. Now we take the sequence (^", from Step 2 of the implication ^ =^ 
(Iml) and proceed with (|30] | in the same way as we did with (|26l ). In order to get 
the analogous estimate we use the relations 



* II j;" f{u, X^, Y^, - f{u, X^, Y^, Z:i)duf 



dr 



< / -^dr r \\f{u,X^,Y^,Z^)-f{u,X^,Y:,Z:)\\'du 

which is arbitrarily small for fixed s,t G [rk-i,'rk\\Nk where \{Nk) = and 
large n G N, and 

j;" - f{u,x^,Y:,z:)\\du 



t iXk - r)^r - t 



-dr 



^ 2 Z.) - f{u, X^, Y:, Z:) \\du 1 

^ r r \\f{u,X^,Y^,Z^) - f{u,X^,Y:,Z:)\\du ^^ 

\/rk -t 7(rfe+t)/2 Tk-r 

For the last term we can apply the estimate (|28T ) to see that the RHS is arbitrarily 
small for large n G N. □ 



6 A sufficient condition on ^ for fractional smooth- 
ness 

Assume (Af) is satisfied for (H) and ,^ G H. If A; = m, condition (Q) of Theorem 
IS.ll means in fact 

U-Es^^ <c,{T-sf-, sG]r„_i,T]. 

Following the ideas of |fT3l we will formulate a condition on ,^ G EI which implies 
that © of Theorem lU] holds for all A; G {1, . . . , m}. 

Assume that X and X are processes on (fi, J^, P) such that X is an independent 
copy of the Levy process X. We define for < t < r < T 

X'/ := l[o,Tmr]{u)dX,,+ s E [0,T]. (31) 

Jo Jo 
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i.e. we obtain the process X*''' from X by replacing it on the interval ]t, r] by 
its independent copy. Consequently, for the random measure M*''' w.r.t. X*'** we 
have the relation 

M*'"(5) = M(5\ (]t,r] X M)) + Af(fin (]t,r] x M)) , Be i3([0,T] x M). 

By (j^t)te[o,T] we denote the augmented natural filtration w.r.t. {X,X) and put 
L2 := L2(f2, J^T, P) (the notation {J^t)t<^[o,T] we keep for the augmented natural 
filtration w.r.t. X). 
For symmetric /„ G L2 it holds 

||/^(/„) - WnW = 2n! II/,, (1 - I(([0,T]\]*,.])xR)")||Ln • (32) 

For any 77 G L2 given by 77 = Y.n=o ^n{fn) we define 

00 

n=l 

Theorem 6.1. Assume that ,^ G H an J (A/j ij' satisfied for If there exist 
constants c > and 9k g]0, 1] such that 

U-^'^'^f <c{n-tf' forallteln^uvk] 

then 

\\Yr, - EtYr.f < Cin - tf^forallt G [n-urk]. 
Remark 6.2. (i) For / = it follows from Theorem 16. li the implication 

U - e*''Mr < c(rfc - for all t G [n^un] 

=^ ||E,,e - Ei^f < c(rfc - ^)''^ for all t G [rfc_i,rfc]. (33) 

For certain ^ the implication (|33l) is in fact an equivalence: For example, 
if ^ = g{Xr^ — ...yXr^ — Xr^) G L2 such that g is a symmetric 

function and ri. = — , for = 0, ...,m. A more detailed discussion under 
which conditions equivalence holds for (|33T ) as well as an example where 
\\Er,i - Et^f < c{rk - tf", foralH G [rfc_i,rj does not imply ||e - 
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(ii) If ^ G H the case 6 = (1,1,...,1) corresponds to Malliavin differentiability: 

3c>0: ||e-e*''1l'<c(rfc-t) for all tG[rfc„i,rfc], fc = l,...,m 

^ e G Di,2. (34) 

Indeed, using the notation of the proof of Lemma 15.31 and setting (^('^j) := 
we have 



7i(Q:)!---7m(a)! 



L2(ai®") 



n=l [a]6y^- 



i<;<m 



This implies for r := * ^ and i? := maxi<fc<m — that 



^ " ^ n=l [a](iV^' 



xI|,,(,)>i|(l + r + ... + r^^(")-i) 



< 2Rf2n\ E fr.)ll^n1lL(,«.)A"(A.)7.(«) 
n=i Hev;v~ ^ 

|2 



since 7fc(a) < n. On the other hand, we get because of n = XlfcLi 1k{oi) for 
a G y " from the above relation that 



|2 

5im 



m oo ^ \ 

EE-' E ii^niiL(,..)A"(A.)7.(«) 

A;=l n=l [al6y"/~ ^ '^^ '^'^ 



ll^^eii . 



< — sup sup . 

2 l<k<m »'fc_i<t<rfc ^fc ^ 



In IfTTl there is an example which shows that (|34l ) is not necessarily true 
without assuming ,^ G H. 
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Proof. If (y, Z) is a solution of @ then (F* ^ Z*'^) solves 



From (l32l ) we conclude that 

\\ErP/{fn)-KIn{fnW = 2 1| (/„) - E (/n) H'- 

Since is -measurable this implies for t E]rk_i,rk[ that 

2|in,-E,njp = iin.-nfip. 

Since M and M^'^'' coincide on Jr^, T] x M we have 

+ [ f{s,X,,Y,,Z,) - f{s,Xl'^\Y:-,Zl'^-)ds 
- I {Z,,,-Zl';-)M{ds,dx). 

J]rk,T]xR 

By Theorem |23] we get 

E\Yr.,- ^ I ' + E / \Zs,^- Z^^ I 'm (rfs , dx) 



< c'(E|e-e 

+E /" \f[s,X,,Y,,Z,)- f[sXf\Y,,Z,)fds 
which can be reduced by the Lipschitz property of / to 

E\Yr,- Yl^l^ r + E / \Z,,,-ZY^^ ^-a{ds , dx) 



<c{E\i- e*'"^- f + E ^ L)\Xs- XY-^\^d^ . 

By definition of in (|3T| ) we get for s > r^^ 

E |X, - •'=1' = E |X,, -Xt+ (X,, - ^t) I' = Ci(rfc - t). 
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Thus, there is a constant C such that 



E I - Y^^J^- r + E /" I Z,,^ - J* I V (rfs , rfx) 

ilri..TlxM 



'Irfc.TlxII 

<CE|e-e*''-H' + C(rfc-t), 



which implies the assertion. □ 

Acknowledgement: We would like to thank S. Geiss for fruitful discussions and 
valuable suggestions. 

7 Appendix 

We start with an estimate for a simple recursion. 

Lemma 7.1. Let {gn)n>o ^ sequence of nonnegative numbers satisfying go = 
and ^ 

gn+l <e + Cn + -gn, 

where e > and lim„_^oo C*n = 0. Then it holds that 

limsupf^n < 2e. 

n—^oo 

Especially, ifCn = Ofor all n G N, then gn < ^efor all n G N. 
Proof. The case for C„ = is simple. Concerning the other case, from 

gn+l < £ + Cn + ^gn 

we infer that 

1 1 

lim sup + lim sup C„ + - lim sup gn = £ + 7: lim sup gn, 

n— >oo n— >oo ^ n— >oo ^ n— >oo 

where lim sup„^o^ < 00 since gn < 2{e + max„gp^C„) for all n E N. There- 
fore, 

limsupty'n < 2e. 

n—>oo 

□ 
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Proof of Theorem [XT] The proof follows ideas of [l23l, [|24l combined with meth- 
ods from ma. 

(HI) For those r, v such that T>r,v^ E L2 the existence and uniqueness of a solution 
(U^''", V^'"") to Q follows immediately from Theorem 12.21 Since by Theorem 12.31 
the mapping 

SxH:^^ {Y,Z) 
is continuous one can show the existence of a jointly measurable version of 

{U'''\V''^), {r,v) e[0,T]xR 

by approximating with simple functions in L2(P ® m). The quadratic integra- 
bility with respect to (r, v) follows as well from Theorem 12 . 3 1 since ^ G Di 2. 

dUl) Using an iteration scheme, starting with = (0, 0), we get like 

in (fT3l). i.e. it holds 



a.s.. For Z'^^^ we use the martingale representation theorem w.r.t. M (see, for 
example, ||2|): 

^ + £ f{s,X,,Y;,Z:)ds = e(^^ + £ f{s,Xs,Y:,Z:)ds^ 

+ / Z:+^M{ds,dx). 

Then (y", Z") converges w.r.t. the norm defined in (fTZl i (see [|28l Theorem 12. 211 ). 
In a first step we show that 

/ \\Ys"'\\k,ds and / \\ZlJl^ ^im{ds, dx) 

J]0,T] ' J]0,T]xR 

are bounded uniformly in n G N. For a fixed n let G L2([0, T]; Di 2) and 

G L2([0,T] X M;Di,2). 
From Lemma 3.2 and Lemma 3.3] we infer that then G L2([0, T]; ©1,2) 
and G L2([0, T] x R; ©1,2). Especially, we get for t G [0, T] that 

= Vr,,^ + j\r,vf {s,X,,Y:',Z:)ds 
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Vr,^Z^+^M{ds, dx) 

']t,T]xR 

for m-a.a. (r, t^) G [0,t] x M, 
Vr^^Yl'^^ = for m-a.a. (r, i;) G (t, T] x M, 

Vr^^Z^^t^ = form® /x-a.a. (r,t;,a;) G (t,T] X P-a.e. (35) 

Since by [|2 Theorem 4.2.12] the process ( jj^^^^^^ M(rfs, dx))^^^^^^^ ad- 

mits a cadlag version, we may take a cadlag version of both sides. By Ito's formula 
(see, for example, [2, Theorem 4.4.7]), we conclude that for < r < t it holds 

-2 j"^ e^' [Vr,J {s, Xs, n^ Z:) 

+ / e^^ [2{Vr,.Y:_^')Vr,.Z:1^' + {Vr,.Z:1^'fx] M{ds, dx) 

J]t,T]xR 

+ I e^'iVr^^Z'^^^fds^iidx) P®m-a.e. 

>/]t,T]xM 

One easily checks that the integral w.r.t. M has expectation zero. Therefore, using 
(1351) . we have for < r < t < T that 

Ee^*(P,,„y,"+^)' + E / e^'{Vr,,Z^;^'fdsfi{dx) 

J]r,T]xR 

< e^^E{Vr,,0^ + 2 [ e^'E\[Vr,j{s,Xs,Y^^,Z:)]Vr,.Y:'-^'\ds 

J r 

-(3E I e^'{Vr,^Y^^^fds. (36) 

J r 

By Young's inequality and the estimate 



'Dr^vZg^K{dx) 



< \\f^'\\L2{f^)\\'^r,vZl.\\L2M 



we get constants c and C/,k such that 

E I [Vr,j {s, x,,y;, z:) ] v,,,y:^^ I 
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C 

Choosing /3 = 2c + 1 and c = 4C/-,k leads to 



^ Jr ' 



E 



I e^' \Dr,„Y^+^\^ ds + E [ e^' f m(rfs, dx) 

Jr ' i]r,r]xR 

< e^^E + ^ f e^'ds 

^ Jr 

^ \ Jr ' J]r,T]xR ' ' / 



2 

Finally, (l35l) and Lemma ItTI imply 



Jo J[0,T]xM 

<C;3(l + |||I?elllL(P®m))forallnGN. (38) 



We now show that 



I rr _ 7") V»"«+i 11^ _l_ IIt/ _ 7-)7'"+i||^ /'aQ^ 



tends to zero for n — oo where (U^''", V^'"") is the solution to 

In order to estimate (|39l ) one can repeat the previous computations for the dif- 
ference U^''" — Vr,vYr^^ to obtain that for all c > there exists a /3 > such 
that 

E [ e^'{W/ - Vr,,Y^+^fds + E [ e^'iVl'^ - Vr,.Z^+^fds^i{dx) 

Jr J]r,T]xR 

< -E r e^^\Fr,,{s,U:'\Vr)-Vr,J{s,X„Y:,Z:)\'ds 

^ J r 



1 



T 



E / e^' FrAs,U:^\V:n-Vr,Jis,X,,Y:,Z:) ^ds (40) 
c Jo 

since the integrand is a.s. zero for s < r. 

In the following we consider the cases u = and 7^ separately. By using the 
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Lipschitz property of / which implies the boundedness of the partial derivatives, 
we have 

\Fr,ois, Uf, \/;'°) - Vr,of{s, X„ , Z^) I 

< \d.J{s,Xs,Y,,Z,)-dj{s,X,,Y:,Z:) I 

+\dyf{s, Xs, Zs)u:'' - dyf {s, X,, y:, z:) Vr,oY:\ 
+\dj{s, X,, - dj (s, x„ y:, z:) Vr,oz:\ 

< I dj{s, x„ Ys, Zs) - dj {s, Xs, y:, z:) I 



+|f/:'0| x„ z,) - dyf {s, x„ y;, z:) 



(41) 



Since the sequences (F") and (Z") converge and dxf, dyf and dzf are bounded 
and continuous in the last two variables it follows from Vitali's convergence the- 
orem that 



E 



dj{s, x„ y„ z,) - dj (s, X,, y;, z:) I 

+ \u:^'\{\dyfis,X,,Y,,Zs)-dyf {s,Xs,Y;J:) I) 

Xs, z,) - 9j (s, x„ r;, z;) I) 



— for n — ;> oo. 



duds 
(42) 



For the case f 7^ let a be an arbitrary positive real number which will be spec- 
ified later. In [|T6l Proposition 5.1] it is stated that for (7 : M — M Lipschitz and 
G G Di 2 it holds 



V 



g{G + vVr,,G)-g{G) 



A multidimensional version of this statement can be shown in the same way, i.e. 
it holds 

Vrj{s,x,,Y:,z:) 



f{s, Xs + vl[r,T]is), Y; + vVr,,Y:, Z^ + vVr^.Z^) - f{s, X„ F,, Z,) 

We use the Lipschitz property (Afl) to get for > a the estimate 
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U:'\ - Vr,Jis,Xs, Z:)\ 

^ / (s, Xs + v\,T]{s). Ys + vU:'\ Zs + vV:'^) - f (s, Xs, Ys, Zs) 

-/ (S, X, + vt^r,T]{s), Y: + vVr^^Y:, Z^ + vVr^.Z^) 

+f {s,x,,y:,z:) 

1 



< L^ 



\y, + vu:^'^-y:-vv,,.y:\ 



|f/;'^ - + - + - y:\ + - z^i) 



Note that for < \v\ < a we have 

\F,MV7.y7)\ < Lfi^[r,T]{s) + \u:'^'\ + \vn), 

Consequently, for v ^ 0, 

u:\ v:'^) - x„ z;) i 



< lI]a,oo[(K'|)i^/ 



(43) 



By repeating the step how to come from (1371) to (1381) but this time integrating w.r.t. 
/i restricted to {v : Q < \v\ < a] one can show that for a given 5 > one can 
choose the constant a > sufficiently small such that 

E fe^' I \2\,T]{s) + |f/n + + l^^r,.n"l + \Vr,.Z:\\^ ^i{dv)ds 

Jr J{0<\v\<a} 

e 

< — 
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for any n E N and r e [0, T]. Hence we can continue to estimate (|40l ). From (l42l) 
and from the above we derive 



Jo 

< c{Lj,n)E[ e^^{\\U,-VY,Xu(^) + \\Vs-VZ:)\\l^^^^^)ds 
Jo 

+ MMe r e^'(\Y,-Yp\^ + \Z,-Z^nds 
a Jo 

+S„, + e 



for any n G N. For /3 > and a Banach space B we introduce the notation 

\\y\\B,(s ■■={ I e^'WvsWlds 



where ?/ : [0, T] — )■ i? is such that s i— )• is an integrable function. Clearly, 

II ■ ||b,/3 ~ II ■ ||b,o- Choosing c in (|40l ) in an appropriate way leads to 

ll"^ llL2(P®m),/3 Ir llL2{P®m(g)/x),/3 

< £ + C„ + - (^||[/ - ^^^"1lL2(P®im),/3 + 11^ ~ "^^"IlLcP^m^M),/?) 

with C„ = Cn{(y) tending to zero if n — )• oo for any chosen a > 0. We now apply 
Lemma ITT] and end up with 



Jim [\\U - ^^>^"||L2(P®A®m) + 11^ - ^^"llL2(P®{m)®2)) 



0. 



This implies ([7]). Hence we can take the Malliavin derivative of dU and get ^ as 
well as the equation 

= Vr,v^ + Fr^y ^S^Vr^vYs, j T>r,vZs,xH{dx)^ ds 

-Zr,v - / Vr,vZs,xM{ds, dx), 0<t<r<T. (44) 

J]r,T]xR 

By the same reasoning as for Vr^yY" we may conclude that the RHS of ([8]) has a 
cadlag version which we take for Vr^^Y. 
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(Iml) This assertion we get comparing (|6]) and ([8]) because of the uniqueness of 

iU,V). 



(ITvl) If we consider the pathwise limit Um^x^r ^^r-,i)^t of the cadlag version and 
compare the RHS of ([8]) with (|44|) the assertion follows. □ 
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